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Computation of first and second derivatives
for the paper "Asset Allocation by Variance
Sensitivity Analysis"

1.1 Notation

Yt,i

i=1,...N asset returns
a=lag,...,an_1] portfolio weigths

Yo\N = Weas Yo, n—1]
Y, =ad'ypn + (1 —d't)yen portfolio returns

GARCH model:
Y;: = Vhies ¢ 74.i.d.N(0,1)
ht - 226 Zt = [13 Y;Q_la ht—l],7 0= [UJ, O‘aﬂy

In what follows we follow the conventions and rules on matrix differentiation

as in Appendix A.13 of Helmut Lutkepohl (1990), Introduction to Multiple Time
Series Analysis, Springer-Verlag.

1.2 Compute the first derivative (equation 3 in text)

In the rest of these pages, we indicate the explicit dependence of 6 on a by 0 (a).
Whenever this dependence is not made explicit, it means that we treat 6 as not
depending on a.

where
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Compute Mta%ﬂn first.
0z(0 (a))’ oY} a
00| Ow-1xy) T Bht‘gff( L } (2)
where
)
8ta L= 2Yi1(Ye—1\~ — Wi—-1,N) 3)
and W can be computed recursively.
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o compute —5~ we apply Theorem 1:
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Note that I, = —0.5[In(h¢) + Y;2h;~1] and
l h
% = —0.5%1{ (7)
where
H= (bt =Y ) 8)
Bht _ 82’2
0~ ®)
0z,
8_0t = [ Oaxz) 2 } (10)
Therefore % can be computed as follows:
%l Ohy OH d%hy
poog P [%W i Haeae’} (11)
where
O0H  Ohy -~
o7~ oF (12)
H = (—h{?+2Y2h %) (13)
82}% o 8Zt 822 ;o 0 82’2
o008 — o+ an T (7 0 1s) e (%) (14)
) (azg) [ O(6x3) 1
—vec| — | =| s, | =G (15)
oo’ 90 56007
Analogously, % is given by:
0%l Ohy OH 0%hy
900a’ [%% +H 803a’] (16)
where
aH 8ht ~ -2 8Y2
a0 ~owl M B0 an
3ht 8Zt
oo o a8
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1.3 Compute the second derivative (equation 4 in text)

%R (0(a)) _ 024 (0(a))’ 89(a) + 96(a)’ 8zt(9(a))+
dada’ da da’ da a’ ,
+ (6 In-1) grvee (250 ) + (22)

+ (2 (0(a)) ® In_1) 2vec (aeaz )

We need to compute only B‘Z, vec <%§a)),) and %vec (893(2), ), since

9z¢(0(a))’
da

has already been computed in (2) and %)’ i (4):

a
da

On— _
0 (920 Ty
20\ 7 )~ Dada’ (23)
“ “ 0y (0(a)
ada’
where
0?Y2
3a8ta/1 =21\~ — Wi—1,N) -1\~ — We—1,N)’ (24)
and W can be computed recursively.

To compute B‘Z, vec (%ﬁl) note first that if A is a (p x p) symmetric

. -1
non-singular matrix fuec(Adh) _ (Ip 0 A) duec(47) + (A7t ® L) Quec(d) _

da’ da’ da’ -

—1
O(p2xn—1)- Therefore, since (I, ® A= (I, 0 A7Y), %ﬁ—z =—(l,®A™")
(A~ 0 1,) Mg;/él =— (A7 A™h) Mgcalﬁl' We also apply the following prop-

erty of the vec operator: If A is an (m x n) matrix, then vec(A’) = K, nvec(A),
where K, , is the (mn x mn) commutation matrix.

srvec (P40 ) = — {(Is  I,) grvec [(To) ™) + [(To0) ™ & In—1] rvee (Ig,)}



=—{(Is® I,) [ ((Foo) ™"  (T09)™)] sarvee Too] + [(Ioo) ™" 00 In—1] orvec (Ip,) }
= { (Igg Y& I (Igg) ™ 1) s -vec [Igg] + [(Igg) @ In_ 1] i,vec(Iga)}

= —{—((Zpo) "t ® Ij,(Ipo)™") aa,vec[ o] + [ (Ipg) "t @ In_ 1] ai,vec(lga)}

rvec <%§>l) =- ((—’99)_1 ® 893(2)/) 2 vec[Ipg (0 ()] — (25)

— [(T90) ™ 0 In—1] Frvee (I, (6 (a)))

We negd to compute %vec [T9o (6 (a))] and %vec (Ip, (0 (a))). Compute
%vec (% (0 (a))) first:

sarvee (gt (0())) = 0.5 { (I i) 5 (3 (6 (@) +

_|_
4+ vee ( 2y ) OH(6(a) | (26)

where aht has been computed in (9) and 39, in (12).

To evaluate this function we need to compute -2 (% (0 (a))), 0H (b(a))

X a 0
32 (3 (0(a))) and 7 [vec (Gt (0(a)) )| For 2 (% (8(a)), we have:

9 <% (6(a))> _ 0z(6(a)) . 9z 96(a) (0w L) %,Uec (‘9_4 (6 (a))

oa’ oa’ 09 9dd’ oa’ ol
(27)
where % has been computed in (2), %? (10), Bht in (9),
0 0z, OxN—1)
il 0 = 2
da ,U@C(ae ( (a))) [ B?z’ (B’g(;l (9 (a))) 1 ( 8)
and the last term can be computed recursively.
For ﬂ%ﬂ we have:
OH (0(a)) _ O (0(a)) 7 , 207
oa’ N oa’ H =y oa’ (29)

where %‘B%ED has been computed in (1).

For 2 (94 (6 (a))), we have:

o (0H d ([ Ohy . Ohy 0H (6 (a))

5 (G5 0 @) =5 (G @) i+ D @)
where

OH (6 (a))

Ohy (0 Y2
5 = (20 =6V =2 01a)) | gpsdte

oa’ b a



i 92h, 9%h, _ 9%h, _ 0% , 0
For =% {”ec(aeae’ (0 (a))ﬂ7 note first that 557k = 55755 = 54 + 55+ +

%’uec (‘gg& ), (I3 ® 0). Therefore:

o [vee (35 0 (@) ] = glrvee (55 (0 (@) +
+ Frvee (3 (6 (a)) + (32)

For 2 vec (22 (6 (a))), note that since vec (22 (6 (a))) = K3 zvec <% C (a)))7

we have:

%Uec <% (0 (a))) = Ks3 {%vec (—9 C (a)))] (33)

It remains to compute 2 vec [%vec (% )/ (I3 ® 9)}:

2 vec [%vec (%)/ (Is ® 9)][ = (I3 % G") g2vec (I3 ® 0) + (34)

+ (13 ®0") Ig] %vec (@)

where, using property (27) of vec in Lutkepohl:

We now compute %vec <% (0 (a))), the other missing term in (25):

srvee (A7 (0(0))) = 0.5 { (Is 0 3) & (% (0(a))) +
+ (G In) 52 (3 (0(a) +

+vee (4ol ) 20 (37)
+H 2 vec (% ( (a)))}
where 2 has been computed in (17), 32, (2% (6 (a))) in (27), 22t in (9),
OHO() iy (29) and S in (20).
We need to compute 2 (22 (6 (a))) and vec (% G (a)))

oa’ Oa’ da oa’ da oa’

- ] a 272 2 9h, (6 (a
3o (G 0(@)) = iy (Gt 0 )+ Gt P 2 S oo S e )
(39

where



9 <% C (a))> = %—’jagif‘) + (0 0 In-1) %vec @—’f (¢ (a))) (39)

5 oot O(N—1)x(v-1)
2 CR
sovee (Gre@) = | i (40)
o (% (0(@)
Finally, 52 vec (%L G (a))) = 2 vec (%z + F(0(a)) (0(a) ® 13)):

’

%vec (E?;"éta (G(a))) = %U@C (%2 (Q(a))) +
+
+

(Is® F') a‘z,vec (0(a) ® I3) +
[(0/ [ .[3) Y IN—1:| %vec (F (9 (a))/)

(41)
where, using again property (27) of vec in Lutkepohl:
0 00
Jp = B VE° (0(a) ® I3) = (K33 ® I3) ( 82’1) ® vec (I3)> (42)

O6(N—1)x(N-1)

_ 9 "= ’
Jo = S VEC (F(0(a)) = [ 2 vec (M (¢ (a))) ] w

We now have all the elements to compute the first and second derivatives of
the GARCH(1,1) variances with respect to the portfolio weigths.



